We present an example of a non-Hausdorff,étale, essentially principal groupoid for which two results, known to hold in the Hausdorff case, fail. These results are: (A) the subalgebra of continuous functions on the unit space is maximal abelian, and (B) every nontrivial ideal of the reduced groupoid C*-algebra has a nontrivial intersection with the subalgebra of continuous functions on the unit space.
Introduction.
This paper is concerned withétale groupoids [9, 1, 8, 10, 4] . A topological groupoid G is said to beétale if its unit space G (0) is locally compact and Hausdorff, and the range map "r" (and consequently also the source map "s") is a local homeomorphism.
One may or may not assume the global topology of G to be Hausdorff but, while non-Hausdorff topological spaces may be safely ignored in numerous applications of Topology, non-Hausdorff groupoids do occur in many essential situations, such as the holonomy groupoid of a foliation [2] or the groupoid of germs of a pseudogroup of local homeomorphisms on a topological space [10: Section 3] .
Therefore, rather than dismissing non-Hausdorff groupoids as a nuisance, it is highly desirable to embrace them in the general theory.
Anétale groupoid G is said to be principal if its isotropy group bundle, namely
coincides with the unit space G (0) , and it is said to be essentially principal if the interior of G ′ coincides with G (0) . Principal groupoids correspond to free group actions while the essentially principal ones correspond to topologically free actions, hence the relevance of these concepts.
Among the important consequences of the property of being essentially principal, two stand out: r. exel algebras [7] , as well as results on reduced crossed products by partial group actions [6: 2.6], while (B) is related to Cartan subalgebras [10] .
It should be stressed that both (A) and (B) are known to hold only under the assumption that G is Hausdorff! In trying to embrace non-Hausdorff groupoids within the general theory, I (and quile likely many other people) have spent a lot of energy in the effort to generalize (A) and (B) above to non-Hausdorffétale groupoids. After having failed to do so I have found an example of a non-Hausdorffétale groupoid which is a counter-example for both. In what follows we discuss this example in detail.
Our example is related to an example by G. Skandalis [11] built with a different purpose, namely of exhibiting a minimal foliation whose C*-algebra is not simple.
I would like to thank Jean Renault for many fruitful discussions, and for bringing Skandalis' example to my attention.
The example.
Consider the following subsets of Ê 2 :
Clearly Z is invariant under the action of the subgroup H ⊆ GL 2 (Ê) generated by
, and σ y = 1 0 0 −1 .
Let G be the groupoid of germs for the action of H on Z (see Section (3) of [10] for the definition of the groupoid of germs for a given pseudogroup). As is the case for every groupoid of germs, G is essentially principal [10: 3.4] .
We shall adopt a slightly simplified notation in relation to [10] , namely the germ of the transformation ϕ at the point x will be denoted by [ ϕ, x ], as opposed to Renault's notation [y, ϕ, x], where y = ϕ(x).
In the present case it is interesting to observe that,
for all x ∈ X * := X \ {0}, and all y ∈ Y * := Y \ {0}, where "I " stands for the identity map, and we denote the zero vector of Ê
Observe that the isotropy group bundle G ′ is formed by the last three elements listed above, in addition to the units.
Recall that a bisection is a subset of G restricted to which both the range and source maps are injective. Consider the following open bisections of G:
Let f 1 , f x , f y , f xy ∈ C c (G) (for the definition of C c (G) see e.g., [8] or [4: 3.9] ) be the characteristic function of U 1 , U x , U y , and U xy , respectively. Finally put
By direct computation one checks that
, and that f vanishes on all other points of G. In particular notice that the support of f (set of points where f does not vanish, no closure) is the set
which is contained in G ′ .
Proposition. For every
Proof. Recall that for every γ ∈ G one has
If the above sum is nonzero, then there exists at least one pair (α, β) such that αβ = γ, and f (α) = 0. As seen in (2.1), this implies that r(α) = 0, and hence necessarily r(γ) = 0, as well. Therefore f * g is supported in r −1 ({0}). The same reasoning and the same conclusion applies to g * f .
We leave it to the reader to compute (f * g)(γ) and (g * f )(γ) for the four elements γ in r −1 ({0}), after which the result will become apparent. ⊓ ⊔
r. exel
The first conclusion to be drawn from the above result is:
Proof. By (2.2) one has that J := f is an ideal in C *
The second conclusion is:
2.4. Proposition. Even though G is essentially principal, one has that C 0 G (0) is not maximal abelian.
Proof. If is enough to notice that by (2.2) one has that f is a central element of C * r (G), and hence commutes with every element of C 0 G (0) , but f is not in C 0 G (0) .
⊓ ⊔
Since the support of f is contained in G ′ , and in view of [10: 4.2], it is not surprising that f commutes with every element of C 0 G (0) . However something else seems to be taking place here since f is actually central.
